
Research Article 

Cluster-model-embedded first-principles study of thermodynamic stability and 

elastic properties in (Zr, Ti)Cx carbides 

Qixiang Zhang1, Zhen Li2,*, Ben Niu1, Qing Wang1,*, Chuang Dong1, Zhongwei 

Zhang3,* 

1School of Materials Science and Engineering, Dalian University of Technology, Dalian 

116024, Liaoning, China. 
2School of Mechanical Engineering, Dalian University of Technology, Dalian 116024, 

Liaoning, China. 
3Institute of Advanced Structure Technology, Beijing Institute of Technology, Beijing 

100081, China. 

*Correspondence to: Prof. Zhen Li, School of Mechanical Engineering, Dalian

University of Technology, Dalian 116024, Liaoning, China. E-mail: lizhen@dlut.edu.cn;

Prof. Qing Wang, School of Materials Science and Engineering, Dalian University of

Technology, Dalian 116024, Liaoning, China. E-mail: wangq@dlut.edu.cn; Prof.

Zhongwei Zhang, Institute of Advanced Structure Technology, Beijing Institute of

Technology, Beijing 100081, China. E-mail: 6120190123@bit.edu.cn

How to cite this article: Zhang Q, Li Z, Niu B, Wang Q, Dong C, Zhang Z. Cluster-

model-embedded first-principles study of thermodynamic stability and elastic 

properties in (Zr, Ti)Cx carbides. J Mater Inf 2026;6:[Accept]. 

http://dx.doi.org/10.20517/jmi.2025.82 

Received: 29 September 2025 | Revised: 25 November 2025 | Accepted: 22 December 

2025 

Abstract 

Multi-component carbide ceramics have garnered significant attention as ultra-high-

temperature structural materials due to their exceptionally high melting points and 
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excellent mechanical properties. In this work, we systematically investigate the 

synergistic effects of C vacancies and Ti alloying on the thermodynamic stability and 

elastic behavior of (Zr, Ti)Cx carbides using first-principles calculations. Specific cluster 

structural models of [C-M6](C,□)5 (M = Zr/Ti, □ = vacancy) were constructed by 

considering the local chemical short-range orders of elemental distribution and the 

ordering of vacancies on C sublattice, which were then employed as inputs for first-

principles calculations. The results reveal that the introduction of C vacancies decreases 

the free energy at high temperatures and enhances the thermodynamic stability, whereas 

Ti substitution for Zr tends to reduce stability. Notably, the ternary carbide Zr5Ti1C5 ([C-

Zr5Ti1](C,□)5) with an equimolar ratio of Ti-to-vacancy ratio of exhibits an superior high-

temperature thermodynamic stability. Analysis of entropy contributions indicates that 

both vacancies and Ti addition primarily alter the free energy by modifying the lattice 

vibration modes, an effect dominated by the vibrational entropy. These two types of 

defects weaken the M-C bond strength, resulting in reduced binding energy and Young’s 

modulus. Furthermore, this synergistic effect considerably lowers the critical temperature 

required to stabilize the single-phase solid solution structure in multi-component carbides, 

which is attributed to a decrease in mixing enthalpy and an increase in configurational 

entropy caused by vacancies. The cluster-model-embedded first-principles approach 

offers valuable insight for designing high-performance carbides in complex ceramic 

systems. 

Keywords: First-principles calculations, MC carbides, cluster model, free energy, 

Young’s modulus 

INTRODUCTION 

Carbide ceramics composed of transition metals (TMs) have shown broad application 

prospects in aerospace and high-temperature (HT) structural materials due to their ultra-

high melting points (> 3273 K), and excellent chemical stability[1-4]. Among them, ZrC 

(FCC-NaCl type) has been widely used in wear-resistant coatings, high-speed cutting 

tools, and HT ceramic components owing to its high Young’s modulus (464 ± 22 GPa), 

high hardness (25.2 ± 1.4 GPa), and high thermal conductivity (33.5 W/(m·K))[5,6]. 

However, binary carbides are susceptible to carbon volatilization and lattice degradation 

at HTs, leading to a significant reduction in their load-bearing capacity[7-9]. To address 

these limitations, multi-element alloying has been widely adopted to enhance the 
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thermodynamic stability and elastic modulus of carbides by introducing lattice distortion 

and modulating valence electron concentration (VEC)[10-12]. For example, the high-

entropy carbide (TaHfZrNb)C with an equi-molar mixing of TMs demonstrates excellent 

thermal stability and HT creep resistance compared to binary carbides[13], which is 

attributed to its lattice distortion and entropy stabilization effects. Notably, its steady-

state creep rate (~ 1.36×10-8 s-1) is an order of magnitude lower than those of ZrC (~ 

2.3×10-7 s-1) and NbC (~ 1.56×10-7 s-1)[13]. Similarly, the single-phase high-entropy 

(Hf0.2Zr0.2Ta0.2Nb0.2Ti0.2)C carbide exhibits a higher elastic modulus (~ 520 GPa) than its 

binary counterparts (e.g., ZrC: 464 GPa, HfC: 352 GPa, TaC: 409 GPa), which results 

from enhanced solid-solution strengthening due to the severe lattice distortion in high-

entropy alloys[14]. Moreover, the vacancies in C sublattice have also emerged as an 

effective means of performance regulation[15]. The highest melting point of binary MC-

type carbides often appears in the metal-rich region rather than at stoichiometry, 

suggesting that the vacancies can enhance HT stability[16]. Furthermore, the elastic 

modulus (~ 660 GPa) of non-stoichiometric (VNbTaMoW)0.5C0.4 carbide significantly 

exceeds that (~ 570 GPa) of its stoichiometric analogue, further underscoring the 

beneficial role of C-side vacancies[17]. These findings imply that the synergistic effects 

between carbon vacancies and multi-metal cations can significantly improve both 

thermodynamic stability and elastic properties. Nevertheless, systematic studies and 

mechanistic insights into the role of C-vacancy content in multi-component carbides 

remain scarce. 

 

Although experimental studies have demonstrated the advantages of vacancies and multi-

element alloying in MC-type carbides, the intrinsic mechanisms governing 

thermodynamic stability are still unclear, largely due to the challenges in experimental 

characterization with sufficient accuracy. In recent years, first-principles calculations 

based on density functional theory (DFT) have become essential for atomic-level design 

and mechanistic exploration of material properties[18-20]. For instance, the Cluster 

Expansion Method (CEM) studies have revealed that the formation energy of ordered 

carbon vacancies in ZrCx is lower than that of disordered ones at 0 K, indicating superior 

stability of ordered configurations[21]. Research on (Ti1-yNiy)Cx ternary carbides using 

special quasi-random structure (SQS) method shows that the thermodynamic stability 

increases with C-vacancy concentration, and that high Ni content necessitates the 
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presence of vacancies[22,23]. However, computational investigations into the ordered 

vacancies and chemical short-range orders (CSROs) in multi-component carbides are 

still limited. Conventional modeling approaches, such as SQS and supercell methods, 

were employed to construct the solid-solution structures of multi-component carbides, 

but often struggle to accurately capture ordered vacancy distribution and local chemical 

environments[24,25]. These methods also require large supercells for multi-component 

systems[26,27], leading to high computational costs that impede efficient screening and 

analysis. Therefore, there is a critical need for computational models capable of 

effectively representing ordered C-vacancies and incorporating CSROs to enable 

accurate theoretical insights into the thermodynamic stability and property modulation 

mechanisms of multi-component carbides. 

 

In previous work, we developed a cluster-plus-glue-atom model to describe the CSROs 

in multi-component solid-solution alloys[28-30], providing a reliable approach to consider 

the interactions among multiple elements. Herein, we extend this model to the MC-type 

carbides. A series of structural models, encompassing binary (ZrC, Zr6C5, Zr3C2) and 

ternary (Zr5Ti1C6, Zr5Ti1C5, Zr5Ti1C4, Zr4Ti2C6, Zr4Ti2C5) carbides, will be constructed 

by systematically varying metal species (M = Zr, Ti) and C vacancy concentrations, with 

the ordered arrangement of C vacancies explicitly incorporated. These periodic cluster-

based models will serve as input for first-principles calculations to determine equilibrium 

lattice constants, binding energy, formation energy, free energy, and HT elastic modulus, 

thereby elucidating the cooperative effect of vacancy concentration and Ti alloying on 

thermodynamic stability and elastic properties. Further analysis of entropy, electronic 

density of states, and phonon density of states will reveal the dominant factors governing 

free energy, bonding characteristics, and dynamical stabilities. Finally, the key factors 

affecting the formation of single-phase solid solution will be identified by evaluating the 

free energy change associated with the formation of (Zr, Ti)Cx from binary ZrCx and TiCx. 

 

MATERIALS AND METHODS 

First principles calculations 

Construction of cluster structural models 

It is well known that vacancies in non-stoichiometric carbides are not randomly 

distributed[31]. Experimentally confirmed in systems such as ZrCx, TiCx, and NbCx (x < 

1), the ordered arrangement of vacancies on the C sublattice is considered 
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thermodynamically stable at room temperature (RT)[32-35]. Computational studies further 

reveal that chemical bonding in multi-component carbides is highly localized, occurring 

mainly between central atoms and their first- and second-nearest neighbors[36]. Therefore, 

these systems can be effectively represented by a cluster-plus-glue-atom structural model 

that reflects the coordination environment of the central atom over two nearest 

neighbors[28]. In this model, the cluster is defined as a coordination polyhedron 

comprising a central solute atom surrounded by its nearest-neighbor solvent atoms, 

where the strong interaction between them gives rise to the strongest CSRO. And other 

solute atoms having weaker interactions with the base serve as the glue atoms, occupying 

the inter-cluster sites to mediate atomic packing. The resulting structural unit is expressed 

as [cluster](glue atom)ₘ, where m denotes the number of glue atoms per cluster. For MC-

type solid solution carbides, the vacancies are located at the glue atom sites to ensure the 

integrity of the cluster structural unit since vacancies can generally be originated on the 

C side. Then, the cluster structural unit centered on C, with metal M atoms as shell atoms 

and the remaining C atoms and vacancies (C/□) serving as glue atoms are constructed. 

The cluster usually adopts an octahedron with a coordination number of CN = 6 

(coordination number = 6), composed of a central C atom (marked by green sphere in 

Figure 1A) and six M atoms (blue spheres) in the first coordination shell. The second-

nearest-neighbor sites around the central C atom (gray spheres in Figure 1A) serve as the 

glue atom sites, which are occupied by C or □. To preserve the crystal periodicity and 

stoichiometry of the ideal MC structure (M : C = 1 : 1), each [C-M6] cluster has five such 

sites, resulting in the cluster formula [C-M6](C,□)5, marked by red sphere in Figure 1B-

F). 

 

Ac
ce

pt
ed

 A
rti

cle



 

 
Figure 1. Cluster-glue-atom model in MC-type carbides. (A) Atomic structure of ZrC 

structure, showing that the CN6 cluster polyhedron is centered by a C atom (green sphere) 

and surrounded by six metal atoms (blue spheres); (B) Vacancy-ordered structure 

extracted from a 3×3×3 supercell of MC, showing the vacancy channels along the [21�1�] 

direction; (C, D) Derived cluster units for M6C5 and M6C4, illustrating the arrangement 

of vacancies within the channel framework; (E, F) Three-dimensional periodic supercells 

of M6C5 and M6C4, constructed by the stacking of cluster units shown in Figure 1C and 

D. The cluster models were generated using the Visualization for Electronic and 

Structural Analysis (VESTA) software 

 

Since the introduction of specific vacancy sequences in the C sublattice has been shown 

to improve the structural stability[15,32], this study focuses on two C-deficient 

compositions, M6C5 and M6C4 (= M3C2). Guided by the ordered vacancy-channel 
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distribution reported in the literature[37], the atomic structures of these carbides were 

reconstructed with a 3×3×3 supercell (Figure 1B). Vacancy channels are clearly visible 

along the [21�1�] direction of the MC lattice, where the vacancies occupy the second-

nearest neighbor sites around the central C atom. Figure 1C and D show the vacancy 

channel distributions for M6C5 and M3C2, respectively, along this direction. In the M6C5 

structure (Figure 1C), the C sublattice consists of two alternating layer types: one with 

two-thirds of sites occupied by C atoms and one-third forming vacancy rows, creating a 

channel-like structure, and the other fully occupied by C. In M3C2 containing a higher 

vacancy concentration (Figure 1D), the vacancy channel is more prominent: the first 

layer contains only one-third C rows and two-thirds vacancy rows, while the second layer 

is fully C-occupied. 

 

Then, a periodic structural unit containing 12 sites (including vacancies), which fully 

incorporates the cluster model information, can be identified from the brown boxes in 

Figure 1C and D. Its composition corresponds exactly to the cluster formula [C-

M6](C,□)5. The extracted structural units in three-dimension space are displayed in 

Figure 1E and F. The basis vectors (X, Y, Z) of the supercell are aligned with the [211], 

[1�21� ], and [2�11 ] directions of the original FCC lattice, respectively. And the lattice 

parameters are 𝑎𝑎=𝑏𝑏=𝑐𝑐=√6/2𝑎𝑎0, with angles  = 60o,  = 109.47o, and γ = 99.59o, where 

𝑎𝑎0 denotes the lattice constant of original FCC structure. In this supercell, the vertex 

positions are occupied by C atoms, which acts as the central atoms of clusters, while the 

six metal atoms of the cluster shell and five glue atoms (C atoms and vacancies) reside 

within the supercell. Detailed atomic coordinates are listed in Supplementary Table 1. 

 

It is noted that in the localized cluster model for MC metal carbides, both the M and C 

sublattices still maintain a complete NaCl-type lattice structure. Moreover, C occupies 

the center site of the cluster model, thereby guaranteeing that the glue atom site is 

occupied only by C/□ rather than metal atoms. Based on this model and previous 

evidence that Ti interacts more strongly with vacancies than Zr[38], Ti atoms were placed 

near C vacancies in the current model. To systematically evaluate the influence of Ti 

content and vacancy concentration on the structure and properties of carbides, the 

supercell structures corresponding to these designed carbide compositions are illustrated 

in Supplementary Figure 1. 
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Calculation methods 

The first-principles DFT calculations were performed using the plane-wave (PW) basis 

set and projector-augmented wave (PAW) method, as implemented in the Vienna ab initio 

Simulation Package (VASP)[39-41]. The electronic exchange-correlation potential was 

described within the generalized-gradient approximation (GGA) using the Perdew-

Burke-Ernzerhof (PBE) parameterization[42]. The C-2s22p2, Ti-3p63d24s2, and Zr-

4s24p65s24d2 were treated as the valence states. The kinetic energy cutoff of 800 eV was 

employed for the plane-wave basis. Ionic positions and lattice parameters of cluster 

structural models were fully relaxed during the geometrical optimization, with 

convergence criteria set to a Hellmann-Feynman force tolerance below 0.02 eV Å−1 and 

an energy tolerance of 1×10−8 eV. Γ-centered k-point meshes with a spacing of 0.02 Å⁻¹ 

were generated according to the Monkhorst-Pack scheme for all calculations. All 

structural models were built and visualized using the Visualization for Electronic and 

Structural Analysis (VESTA) software[43], and the electronic density of states was 

calculated using VASPKIT toolkit[44]. 

 

The formation energy (Ef) and binding energy (Eb) of each carbide were calculated using 

the fundamental physical expressions of Equation (1) and (2): 

 

𝐸𝐸𝑓𝑓 = (𝐸𝐸𝑡𝑡𝑡𝑡𝑡𝑡 − ∑𝐸𝐸𝑀𝑀)/𝑛𝑛  (1) 

𝐸𝐸𝑏𝑏 = (𝐸𝐸𝑡𝑡𝑡𝑡𝑡𝑡 − ∑𝐸𝐸𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠)/𝑛𝑛  (2) 

 

where Ef represents the energy required to form the carbide structure, defined as the 

difference between the total energy of the optimized structure (Etot) and the sum of the 

energies of individual atoms in their standard elemental states (EM), n is the total number 

of atoms. For Zr and Ti, their standard states are the hexagonal close-packed (HCP) 

structure with the space group of P63/mmc, while the carbon adopts the graphite structure 

with the same space group. The DFT-D3 dispersion correction[45] is applied to accurately 

describe the interlayer van der Waals interactions in graphite. Eb reflects the energy 

associated with atomic bonding relative to isolated states (Esingle). The ideal single-atom 

energy (Esingle), i.e., the energy of an isolated atom, is calculated by placing a single atom 

in a large supercell with a lattice constant of 15 Å to minimize the interactions among 
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periodic images. 

 

To assess the temperature-dependent stability, the Helmholtz free energy F(T) of carbide 

was computed as[46]: 

 

𝐹𝐹(𝑇𝑇) = 𝐸𝐸𝑡𝑡𝑡𝑡𝑡𝑡 + 𝐹𝐹𝑒𝑒𝑒𝑒(𝑇𝑇) + 𝐹𝐹𝑣𝑣𝑣𝑣𝑣𝑣(𝑇𝑇) + 𝐹𝐹𝑚𝑚𝑚𝑚𝑚𝑚(𝑇𝑇) − 𝑇𝑇𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  (3) 

 

where Fvib(T), Fel(T), Fmag(T), and Sconf represent the vibrational, electronic, and magnetic 

free energies, and configurational entropy, respectively. As the system is non-magnetic, 

Fmag = 0. Lattice dynamics calculations and related thermodynamic properties (free 

energy and entropy) were performed using the finite displacement method. Supercells 

with lattice constants larger than 9 Å were built to avoid spurious self-interactions, where 

each atom was displaced by 0.01 Å along the three Cartesian directions. Force constants 

were obtained via finite differences, and phonon frequencies were Fourier-interpolated 

to a 25×25×25 q-point grid using the phonopy package[47]. The resulting force-constant 

matrices were subsequently utilized to compute the thermodynamic properties of 

carbides. Thermodynamic quantities were evaluated within the harmonic approximation 

up to 2000 K. The vibrational free energy and vibrational entropy were derived from 

phonon calculations, as follows[48]: 

 

𝐹𝐹𝑣𝑣𝑣𝑣𝑣𝑣 = 1
2

 � ℏ𝜔𝜔𝑞𝑞,𝜈𝜈𝑞𝑞,𝜈𝜈 + 𝑘𝑘𝐵𝐵𝑇𝑇� ln�1 − 𝑒𝑒𝑒𝑒𝑒𝑒�−ℏ𝜔𝜔𝑞𝑞,𝜈𝜈 𝑘𝑘𝐵𝐵𝑇𝑇⁄ � �𝑞𝑞,𝜈𝜈   (4) 

𝑆𝑆𝑣𝑣𝑣𝑣𝑣𝑣 =  −𝑘𝑘𝐵𝐵 ∑ ln�1 − 𝑒𝑒𝑒𝑒𝑒𝑒�−ℏ𝜔𝜔𝑞𝑞,𝜈𝜈 𝑘𝑘𝐵𝐵𝑇𝑇⁄ �� − 1
𝑇𝑇
∑ ℏ𝜔𝜔𝑞𝑞,𝜈𝜈

𝑒𝑒𝑒𝑒𝑒𝑒�−ℏ𝜔𝜔𝑞𝑞,𝜈𝜈 𝑘𝑘𝐵𝐵𝑇𝑇⁄ �−1𝑞𝑞,𝜈𝜈𝑞𝑞,𝜈𝜈   (5) 

 

where kB is Boltzmann constant, q is the wave vector, ν denotes the phonon mode index, 

𝜔𝜔𝑞𝑞,𝜈𝜈 represents the phonon frequency at the wave vector modes q and ν, T is the absolute 

temperature, and ℏ  is the reduced Planck constant. The electronic free energy and 

electronic entropy are expressed with Equations (6-8)[49]: 

 

𝐹𝐹𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 = 𝑈𝑈𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 − 𝑇𝑇𝑆𝑆𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒  (6) 

𝑈𝑈𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 = ∫ 𝑛𝑛(𝜀𝜀)𝑓𝑓(𝜀𝜀,𝑇𝑇)𝜀𝜀𝜀𝜀𝜀𝜀 − ∫ 𝑛𝑛(𝜀𝜀)𝜀𝜀𝜀𝜀𝜀𝜀𝜀𝜀𝑓𝑓
−∞

∞
−∞   (7) 

𝑆𝑆𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 = −𝑘𝑘𝐵𝐵 ∫ 𝑛𝑛(𝜀𝜀)�𝑓𝑓(𝜀𝜀,𝑇𝑇) ln 𝑓𝑓(𝜀𝜀,𝑇𝑇) + �1 − 𝑓𝑓(𝜀𝜀,𝑇𝑇)� ln(1 − ln(𝜀𝜀,𝑇𝑇))�𝜀𝜀𝜀𝜀𝜀𝜀∞
−∞   (8) 

 

Ac
ce

pt
ed

 A
rti

cle



 

where n(ε) is the electronic density of states, 𝜀𝜀𝑓𝑓 is the Fermi energy, and 𝑓𝑓 = 𝑓𝑓(𝜀𝜀,𝑇𝑇) 

is the Fermi-Dirac distribution function. The configurational entropy Sconf is calculated 

using Equation (9)[50]: 

 

𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  
= −𝑅𝑅[ 𝑋𝑋

𝑋𝑋+𝑌𝑌
∑ 𝑥𝑥𝑖𝑖ℎ ln(𝑥𝑥𝑖𝑖ℎ) + 𝑌𝑌

𝑋𝑋+𝑌𝑌
∑ 𝑥𝑥𝑖𝑖𝑘𝑘 ln�𝑥𝑥𝑖𝑖𝑘𝑘�
𝑁𝑁𝑘𝑘
𝑖𝑖=1

𝑁𝑁ℎ
𝑖𝑖=1 ]  (9) 

 

where the sublattice h contains X sites and sublattice k contains Y sites; R is the ideal gas 

constant; Nh and Nk are the number of element types in sublattices h and k, respectively. 

𝑥𝑥𝑖𝑖ℎ and 𝑥𝑥𝑖𝑖𝑘𝑘 are molar fractions of component i in each sublattice. 

 

The elastic modulus of carbide at 0 K was computed from the stress-strain 

relationship[51,52]. For the crystal symmetries, VASP generated the necessary strain 

configurations, where strains with magnitudes of ±1% and ±2% were applied along the 

relevant Cartesian directions in both tensile and compressive sense for each component. 

Its high-temperature behavior was approximated using the empirical function proposed 

by Zakarian et al.[53]: 

 

𝐸𝐸(𝑇𝑇)
𝐸𝐸0

= 1 − 0.2 � 𝑇𝑇
𝑇𝑇𝑚𝑚𝑚𝑚𝑚𝑚

� − 0.25 � 𝑇𝑇
𝑇𝑇𝑚𝑚𝑚𝑚𝑚𝑚

�
2
  (10) 

 

where E0 is the elastic modulus at 0 K from DFT, Tmax is the melting temperature 

calculated from the CALPHAD method[54,55]. Thus, E(T) can be determined for any 

temperature given E0 and Tmax. 

 

RESULTS AND DISCUSSION 

Formation and binding energies of (Zr, Ti)-C carbides 

To validate the selected computational parameters and the accuracy of the cluster model, 

the calculated lattice constants of Zr-based carbides were compared with available 

experimental data. The DFT-calculated lattice constant of stoichiometric ZrC is a = 4.710 

Å, showing excellent agreement with the experimental values of 4.692 ~ 4.705 Å[56,57]. 

With the introduction of C vacancies, the lattice constant of Zr6C5 (C/Zr = 0.83) increases 

to a = 4.719 Å, consistent with the reported value of 4.702 Å[58]. This expansion is 

attributed to the Coulomb repulsion between excess electrons localized at vacancy 
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sites[59], leading to a local lattice distortion and an overall increase in the lattice constant. 

Upon Ti doping, the lattice constant decreases to a = 4.664 Å for Zr5Ti1C5, due to the 

smaller atomic radius of Ti (1.47 Å) compared to Zr (1.60 Å). This result agrees well 

with the reported value (~ 4.633 Å) of (Zr0.8Ti0.2)C0.8[60]. 

 

The structural stability of designed carbides was evaluated by calculating their formation 

energy Ef and binding energy Eb, as shown in Figure 2. ZrC exhibits the most negative 

formation energy (Ef = -0.786 eV/atom), indicating the highest stability at 0 K. The 

introduction of one C vacancy in Zr6C5 raises the formation energy to Ef = -0.782 

eV/atom, while Zr3C2 containing two vacancies shows a further increase to -0.721 

eV/atom, demonstrating that the carbon vacancies reduce the low-temperature stability 

of ZrC. Similarly, the Ti alloying destabilizes the carbide structure since Zr5Ti1C6 (Ef = -

0.743 eV/atom) and Zr4Ti2C6 (Ef = -0.721 eV/atom) are less stable than ZrC (Figure 2A). 

However, the effect of vacancies on structural stability is not monotonic in Ti-containing 

carbides. Zr5Ti1C5 exhibits a more negative Ef (-0.746 eV/atom) than Zr5Ti1C6 (-0.743 

eV/atom), whereas Zr5Ti1C4 (with two vacancies) is significantly less stable (Ef = -0.697 

eV/atom) (Figure 2B). This suggests that Ti promotes the formation of local C vacancies, 

and a moderate non-stoichiometry enhances the local atomic relaxation and charge 

transfer, leading to a localized strengthening effect[61]. The phenomenon is also observed 

in TiCx, where Ti6C5 (Ef = -0.776 eV/atom) exhibits a higher structural stability than 

stoichiometric TiC (Ef = -0.750 eV/atom) (Table S2), consistent with the C vacancy 

stabilization reported by Kim et al[62]. Furthermore, the binding energy (Eb) increases 

with C vacancy concentration and Ti addition (Figure 2), indicating the weakened M-C 

bonding due to the reduced coordination near vacancies and Ti-induced lattice distortion. 

 

 
Figure 2. Formation energy (orange y-axis) and binding energy (cyan y-axis) of (Zr, Ti)-

Ac
ce

pt
ed

 A
rti

cle



 

C carbides. (A) Zr3C2, Zr6C5, ZrC, Zr5Ti1C6, and Zr4Ti2C6 with different stoichiometric 

ratios; (B) Zr5Ti1C6, Zr5Ti1C5, Zr5Ti1C4, Zr4Ti2C6, and Zr4Ti2C5 by varying the 

concentrations of Ti and vacancies. 

 

Free energies of (Zr, Ti)-C carbides 

Since the formation energy reflects the structural stability at 0 K alone, the Helmholtz 

free energy (F) was computed to evaluate the thermodynamic stability of carbides at 

elevated temperatures. Figure 3 shows the temperature dependence of free energy from 

0 K to 2000 K, indicating a decrease in free energy with rising the temperature for all 

carbides. For the binary Zr-C carbides, the introduction of C vacancies reduces the 

stability at low temperatures, as evidenced by the fact that ZrC has a lower free energy 

than Zr6C5 below 1131 K. Above this temperature, the stability order reverses, with Zr6C5 

becoming more stable than ZrC. For Zr3C2 containing two vacancies, the transition 

temperature for structural stability exceeds 2000 K. 

 

 
Figure 3. Helmholtz free energy as a function of temperature for (Zr, Ti)-C carbides 

In ternary (Zr, Ti)-C carbides, the free energy increases with Ti content (solid lines in 

Figure 3), indicating that the substitution of Ti for Zr reduces the thermodynamic stability. 

C vacancies also induce a stability inversion in these carbides, but the transition 

temperature decreases with higher Ti content: from 1131 K for ZrC-Zr6C5 pair to 1082 

K for Zr5Ti1C6-Zr5Ti1C5 and 952 K for Zr4Ti2C6-Zr4Ti2C5 (blue and cyan curves in Figure 

3). This indicates that Ti addition preferentially stabilizes the M6C5 structure over the 
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M6C6 at high temperatures. However, excessive C vacancies are detrimental, as Zr5Ti1C4 

exhibits higher free energy than Zr5Ti1C5 across the entire temperature range. Therefore, 

Zr5Ti1C5, with a specific combination of one C vacancy and one Ti atom, demonstrates 

an optimal HT stability due to the synergistic effect of vacancy and metal alloying. It 

should be noted that the present free energy trends are evaluated from 0 K to 2000 K. 

Extrapolation to ultra-high temperatures (> 2500 K) may involve additional contributions 

such as anharmonic lattice softening, phase transitions, or decomposition[8], which are 

beyond the scope of the current model and should be considered in further high-

temperature assessments. 

 

Elastic properties of (Zr, Ti)-C carbides 

Elastic properties, particularly Young’s modulus, are critical indicators for ultra-high-

temperature structural materials, as they reflect the bonding strength and structural 

integrity. The temperature-dependent Young’s moduli of carbides were calculated using 

first-principles results combined with the empirical model proposed by Zakarian et al[53], 

as shown in Figure 4. It is found that the modulus decreases with the temperature due to 

the weakening of interatomic bonds by thermal vibrations. To validate the model, 

compositions close to the experimentally-studied ZrC0.96 and ZrC0.85 were selected due 

to the scarcity of HT elastic data for carbides. The calculated moduli of ZrC and Zr6C5 

agree well with available experimental and theoretical data[63,64]. Both calculations and 

experiments confirm that increasing C vacancy concentration significantly reduces the 

Young’s modulus. Although vacancies may enhance the local M-M bonding, the overall 

reduction in bond density due to missing C atoms diminishes the material’s resistance to 

elastic deformation. Ti-containing Zr5Ti1C6 and Zr4Ti2C6 exhibit lower Young’s modulus 

than pure ZrC across the temperature range, which is attributed to the weaker bonding 

strength of Ti-C compared to Zr-C, leading to reduced stiffness. Notably, Zr5Ti1C5 

maintains a slightly higher modulus than Zr4Ti2C5 at HTs, indicating superior HT 

structural stability, consistent with the free energy trends. Within the studied temperature 

range (below 2000 K), the stable-lattice approximation provides a solid basis for 

interpreting the elastic properties, while beyond this range would necessitate accounting 

for additional factors such as lattice softening and carbon evaporation. 
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Figure 4. Young’s modulus as a function of temperature for ZrCx in Figure 4A and (Zr, 

Ti)Cx series of carbides in Figure 4B, where scattered points represent experimental data, 

and solid lines denote corresponding theoretical fittings. 

 

Thermodynamic stability of designed (Zr, Ti)-C carbides 

The above results reveal that the introduction of vacancies leads to an intersection in the 

free energy curves at HTs, resulting in a stability transition, whereas the substitution of 

Ti for the base Zr raises the free energy and reduces the thermodynamic stability of 

(Zr,Ti)-C ternary carbides (Figure 3). To further elucidate the influence of vacancies and 

Ti addition on free energy, Figure 5 and Supplementary Figure 2(A, B) present the 

entropy contributions in the designed different carbides as a function of temperature. The 

results show that the vibrational entropy (Svib = 0 ~ 8 kB/atom) dominates the free energy 

at elevated temperatures, compared to the electronic entropy (Sel = 0 ~ 0.6 kB/atom) and 

configurational entropy (Sconf = 0 ~ 0.28 kB/atom). Moreover, the C vacancies increase 

all entropy components (Figure 5), thereby lowering the free energy and enhancing the 

thermodynamic stability. This is the primary reason for the stability transition observed 

in vacancy-containing carbides at HTs. In contrast, the Ti addition reduces the vibrational 

entropy while increasing the configurational entropy, with a negligible impact on 

electronic entropy (Figure 5B). Given the dominant role of vibrational entropy, the net 

effect of Ti alloying in an increase in the overall free energy, consistent with the trends 

shown in Figure 3. 
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Figure 5. Contributions to the total entropy as a function of temperature for (Zr, Ti)Cx 

carbides. (A) Vibrational entropy; (B) Electronic entropy; (C) Configurational entropy. 

 

For the dominant vibrational entropy, it originates from lattice vibrations, and its 

magnitude is directly governed by the phonon density of states (PhDOS), as presented in 

Figure 6A-C and Supplementary Figure 2C, displaying the PhDOSs of the designed 

carbides. The absence of imaginary frequencies in PhDOSs of all binary and ternary 

carbides confirms their dynamic stability. For binary ZrC, phonon modes are distributed 

between 0 ~ 9.9 THz and 12.5 ~ 19.9 THz (Figure 6A). Introducing the C vacancies 

causes the low-frequency vibration modes in Zr6C5 and Zr3C2 to extend to lower 

frequencies, while the high-frequency range contracts. This shift results from the lattice 

relaxation induced by C vacancies, i.e., the localized structural softening enhances low-

frequency vibrations, whereas the loss of C atoms diminishes high-frequency modes 

associated with C vibrations, leading to a contraction in the high-frequency region. Since 

the low-frequency vibrations contribute more significantly to vibrational entropy than 

high-frequency modes[65], C vacancies enhance the thermodynamic stability of carbides. 

Also, the Ti addition also affects the lattice vibrations markedly, as seen in Figure 6B and 

Supplementary Figure 4. Ti addition shifts the Zr‑dominated acoustic peaks toward 

higher frequencies, thereby reducing the low-frequency phonon proportion in Zr5Ti1C6 

and Zr4Ti2C6, owing to its lower atomic mass (Ti: 49 amu, Zr: 91 amu) and higher 

vibration frequency[66]. Consequently, excessive Ti addition reduces the thermodynamic 

stability due to the entropy loss and lattice distortion. 
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Figure 6. Density of states analysis for (Zr, Ti)Cx carbides. (A-C) Phonon density of 

states probing lattice dynamics; (D-F) Electronic density of states revealing electronic 

structure. 

 

Moreover, the electronic density of states (DOS) in the designed carbides are also 

presented in Figure 6D-F to further clarify the effects of vacancies and Ti addition on the 

thermodynamic stability. Analysis of the total and partial density of states (TDOS and 

PDOS; see Figure 6D-F, Supplementary Figure 2D and Supplementary Figure 3) shows 

a non-zero DOS at the Fermi level (set to zero and marked by a vertical dashed line) for 

all carbides, confirming their metallic bonding character. Compared with the ZrC, the 

covalent-character-dominated TDOS peaks decrease considerably in Zr6C5 and Zr3C2 

(Figure  6D), indicating weakened bonding interactions between C‑p and Zr‑d orbitals 

and a corresponding reduction in M-C bond strength. A new hybridization peak emerges 

near ~ -0.8 eV, attributed to the rearrangement of local electronic structure caused by C 

vacancies, which promotes Zr-Zr metallic bonding near vacancy sites. Furthermore, the 

increased DOS at the Fermi level implies enhanced metallicity and weaker bonding 

strength. Figure 6E-F further reveal that the intensity of C-p and Zr/Ti-d hybridization 

peaks decreases with higher Ti content, suggesting that the Ti substitution for Zr also 

weakens bonding strength and undermines structural stability. The evolution of the 

electronic structure elucidated by DOS analysis clarifies the origin of bond weakening 

due to both C vacancies and increased Ti content. This weakening leads to a higher 

binding energy and a decreased Young’s modulus, consistent with the trends observed in 
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Figures 2 and 4. 

 

Formation of single-phase solid solution in multi-component carbides 

The strong covalent bonding in carbides presents a formidable obstacle to the direct 

formation of single-phase FCC solid solution structure in multi-component systems from 

their binary counterparts. Therefore, the ability to form a single phase is a key indicator 

for evaluating the thermodynamic stability of multi-component carbides. The single-

phase formability of (Zr, Ti)Cx was assessed by calculating the free energy change (∆𝐹𝐹) 

associated with its formation from binary ZrCx and TiCx, as defined in Equation (11): 

 

∆𝐹𝐹(𝑦𝑦, 𝑥𝑥,𝑇𝑇) = 𝐹𝐹�𝑍𝑍𝑍𝑍6−𝑦𝑦𝑇𝑇𝑇𝑇𝑦𝑦𝐶𝐶𝑥𝑥 ,𝑇𝑇� − (6−𝑦𝑦)
6

𝐹𝐹(𝑍𝑍𝑍𝑍6𝐶𝐶𝑥𝑥,𝑇𝑇) − 𝑦𝑦
6
𝐹𝐹(𝑇𝑇𝑇𝑇6𝐶𝐶𝑥𝑥,𝑇𝑇)  (11) 

 

where y is the number of Ti atoms in the M6C6 metal sublattice, x is the number of C 

atoms, and T is the temperature. Figure 7A shows the temperature dependence of ∆F for 

multi-component carbides. At low temperatures, ∆F is positive for all carbides, 

suggesting that (Zr, Ti)Cx is unstable and difficult to form as a stable single-phase solid 

solution. As the temperature increases, ∆F decreases and eventually becomes negative, 

indicating the formation single-phase solid solution becomes feasible. For instance, 

Zr5Ti1C6 achieves the thermodynamic stability (∆F < 0) above 1663 K. With one C 

vacancy, Zr5Ti1C5 stabilizes above 1489 K, and with two vacancies, Zr5Ti1C4 stabilizes 

above 1041 K, demonstrating that C vacancies significantly reduces the formation 

temperature. These computational results align well with existing experimental 

observations[60]. For instance, stoichiometric Zr0.8Ti0.2C1.0 failed to form a complete solid 

solution at 1873 K, whereas non-stoichiometric (Zr, Ti)Cx (x = 0.7 ~ 0.9) readily forms 

a single-phase FCC structure, confirming the beneficial role of vacancies in promoting 

the formation of single-phase solid solution. Furthermore, a higher Ti content raises ∆F 

of multi-component carbides, necessitating increased synthesis temperature. Compared 

to low-Ti Zr5Ti1C6, the synthesis temperature for Zr4Ti2C6 increases to 1758 K, indicating 

greater synthesis difficulty. This trend is consistent with experimental reports that higher 

Ti content complicates the synthesis[67,68]. However, introducing C vacancies 

substantially lowers the synthesis temperature, as in Zr4Ti2C5, where it drops to 1515 K, 

thereby facilitating the synthesis process. 
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Figure 7. Free energy changes associated with the formation of single-phase (Zr, Ti)Cx 

solid solution from binary ZrCx and TiCx. (A) Helmholtz free energy change (ΔF); (B) 

Contributions from vibrational (∆Fvib) and configurational (∆Fconf); (C) Electronic free 

energy change (∆Fele). 

Intrinsically, the single-phase formation ability of multi-component carbides is governed 

by the mixing enthalpy (∆H) between their constituent binary carbides (i.e., the total 

energy difference at 0 K), along with three free energy contributions: configurational 

(∆Fconf), vibrational (∆Fvib), and electronic (∆Fele) free energy changes. To further 

elucidate the single-phase formability of multi-component carbides, Figure 7 presents 

the individual contributions to the free energy change. C vacancies significantly reduce 

the ∆H, but the Ti addition increases it. Meanwhile, increased Ti content raises ∆Fconf, 

∆Fvib, and ∆Fele (Figure 7B and C), thereby favoring a reduction in the total free energy 

(Figure 7A). Comparative analysis shows that ∆H and ∆Fconf dominate, with 

contributions far exceeding those of ∆Fele and ∆Fvib. These results indicate that in multi-

component carbide systems, the competition between mixing enthalpy and entropy 

(∆Fconf, ∆Fvib, and ∆Fele) collectively determines the temperature range for forming 

single-phase solid solution and the magnitude of thermodynamic driving force. This 

conclusion not only validates the reliability of computational approach but also provides 

a theoretical basis for the rational design and optimization of non-stoichiometric multi-

component carbides. 

CONCLUSIONS 

The present work systematically investigated the thermodynamic stability and elastic 

properties of binary (ZrC, Zr6C5, Zr3C2) and ternary (Zr5Ti1C6, Zr5Ti1C5, Zr5Ti1C4, 

Zr4Ti2C6, Zr4Ti2C5) carbides using first principles calculations. The main findings are 

summarized as follows:  
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(i) Based on the cluster-plus-glue-atom model representing the local CSROs of elemental 

distribution, the cluster structural unit of MC-type carbides was identified as [C-

M6](C,□)5 (M = Zr/Ti, □ = vacancy), where vacancies occupy the glue atom sites along 

with C atoms. A 12-atom periodic supercell structure was then used as the input for the 

first principles calculations. The results demonstrate that introducing C vacancies 

reduces both the formation energy and free energy at HTs, thereby enhancing 

thermodynamic stability of FCC carbides. In contrast, Ti substitution for base Zr 

increases both energy terms, reducing stability. The variation in free energy is mainly 

governed by entropy contributions: C vacancies significantly raise the vibrational, 

electronic, and configurational entropies, lowering the free energy. Ti alloying, however, 

reduces the dominant vibrational entropy, leading to a net increase in free energy. Owing 

to the synergistic effect of C vacancies and Ti alloying, the [C-Zr5Ti1](C,□)5 (=Zr5Ti1C5) 

carbide exhibits the lowest formation energy and free energy among all compositions 

studied, indicating exceptional thermodynamic stability.  

 

(ii) Analysis of the electronic and vibrational density of states was performed to elucidate 

the factors governing carbide stability. The phonon spectra confirm the dynamic stability 

of all modeled carbides, as no imaginary frequencies are present. C vacancies enhance 

the low-frequency phonon contribution, whereas Ti substitution shifts phonon states to 

higher frequencies due to its lower atomic mass. Changes in elastic properties are closely 

linked to electronic structure: both vacancies and Ti addition weaken the covalent-type 

TDOS peaks in the total density of states, reducing M-C bond strength, which in turn 

leads to increased binding energy and decreased Young’s modulus. 

 

(iii) The single-phase formability of multi-component carbides was also evaluated. 

Results indicate that C vacancies significantly lower the synthesis temperature required 

to form single-phase FCC solid solution in (Zr, Ti)-C carbides from binary precursors, 

thereby improving the single-phase formability. This is attributed to the reduced mixing 

enthalpy in vacancy-containing carbides. Conversely, increasing Ti content raises the 

mixing enthalpy and synthesis temperature, making it more challenging to achieve 

single-phase solid solutions in multi-component (Zr, Ti)-C systems. Therefore, in (Zr, 

Ti)-C carbides, introducing an appropriate concentration of carbon vacancies while 

Ac
ce

pt
ed

 A
rti

cle



maintaining a higher content of Zr rather than Ti is of great importance for the high-

temperature stability of materials in extremely high-temperature applications. 
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Supplementary Materials 

 
Supplementary Table 1. The basic information of MC/M6C5/M6C4 solid solution structural input 

unit for first principles calculation constructed by cluster-plus-glue-atom model. 

  x (α) y (β) z (γ) 

Basic Vector  √6/2𝑎𝑎0 √6/2𝑎𝑎0 √6/2𝑎𝑎0 

Angle  60o 109.47o 99.59o 

Atomic Positions Central atom of cluster 0.00 0.00 0.00 

Shell atoms of cluster 0.25 0.00 0.75 

 0.75 0.00 0.25 

 0.25 0.33 0.08 

 0.25 0.67 0.42 

 0.75 0.67 0.92 

 0.75 0.33 0.58 

Glue atoms of cluster 0.50 0.00 0.50 

 0.00 0.33 0.33 

M6C4 vacancy 0.50 0.33 0.83 

M6C4 vacancy 0.50 0.67 0.17 

M6C5 vacancy 0.00 0.67 0.67 
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Supplementary Table 2. The formation and binding energy for TiC, Ti6C5 and Ti3C2 carbides. 

Composition 
Formation 

energy (eV/atom) 

Binding 

energy (eV/atom) 

TiC -0.750 -7.516 

Ti6C5 -0.776 -7.429 

Ti3C2 -0.725 -7.244 
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Supplementary Figure 1. Specific cluster structural models of [C-M6](C,□)5 (M = Zr/Ti, □ = vacancy) 

as inputs for first-principles calculations. (A) M6C6; (B) M6C5; (B) M3C2; (D) M15M21C6; (E) 

M15M21C5; (F) M15M21C4; (G) M14M22C6; (H) M14M22C5. Blue, pink, gray, green, and red spheres 

represent M1 (shell atoms of clusters), M2 (shell atoms of clusters), C (glue atoms of clusters), C 

(central atoms of clusters), and vacancies, respectively. 
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Supplementary Figure 2. Entropy contributions and density of states analysis for TiCx carbides. (A) 

Vibrational entropy; (B) Electronic entropy; (C) Phonon density of states; (D) Electronic density of 

states. 
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Supplementary Figure 3. Electronic density of states for (Zr, Ti)Cx carbides. (A) ZrC; (B) Zr6C5; (C) 

Zr3C2; (D) Zr5Ti1C6; (E) Zr5Ti1C5; (F) Zr5Ti1C4; (G) Zr4Ti2C6; (H) Zr4Ti2C5; (I) TiC; (J) Ti6C5; (K) 

Ti3C2. Vertical read dotted line denotes as the Fermi level. 
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Supplementary Figure 4. Element-projected phonon density of states for (Zr, Ti)Cx carbides. (A) 

ZrC; (B) Zr6C5; (C) Zr3C2; (D) Zr5Ti1C6; (E) Zr5Ti1C5; (F) Zr5Ti1C4; (G) Zr4Ti2C6; (H) Zr4Ti2C5; (I) 

TiC; (J) Ti6C5; (K) Ti3C2.  Ac
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